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The irreducibility of a polynomial in a prime modulus implies irreducibility over the
rationals. However, the converse is certainly not true. In fact, there are some polynomials
that are irreducible over the rationals yet reducible in every prime modulus. We show that
the nth cyclotomic polynomial reduces modulo all primes if and only if the discriminant of
the nth cyclotomic polynomial is a square. We pose further questions about the speciﬁc
factorization of cyclotomic polynomials over ﬁnite ﬁelds in relation to the discriminant.1 Introduction
A polynomial f ∈ Q[x] that is irreducible over Q may still factor into smaller degree poly-
nomials over Z/pZ for some prime p. For example, let f(x)=x4 +1. It can easily be shown
that f is irreducible over Q using Eisenstein’s Criterion [7, pgs. 23-24]. Yet over Z/2Z, f is
reducible, since x4+1≡ (x2+1)(x2+1) (mod 2). Infact,itcanbeshownthatf is reducible
in every prime modulus. In general, it is diﬃcult to predict when a particular polynomial
will have this property. As the main result of this paper, we prove the following theorem
which provides a method for determining exactly when the nth cyclotomic polynomial is
reducible in all prime moduli:
Theorem 1. For n ≥ 3, the nth cyclotomic polynomial, Φn(x), is reducible modulo all
primes if and only if the discriminant of Φn(x)i sas q u a r ei nZ.
In section 2, we provide several deﬁnitions and terminology relating to cyclotomic polyno-
mials, Galois theory, the discriminant, and cyclotomic ﬁeld extensions. In section 3, we
introduce several lemmata necessary for the proof of the main theorem which we carry out
in section 4. In section 5, we conclude our results and oﬀer further directions for research.
2 Deﬁnitions and Terminology
2.1 Cyclotomic Polynomials
Deﬁnition. Let ζn denote a primitive nth root of unity. The minimal polynomial (see
Appendix A) of ζn over Q is called the nth cyclotomic polynomial, denoted by Φn(x), and
can be deﬁned as the product
Φn(x)=

0<i<n
gcd(i,n)=1

x − ζ
i
n

.
1It follows that the degree of Φn(x)i sϕ(n), where ϕ(n) denotes the Euler ϕ-function (see
Appendix D). It is well-known that Φn(x) is irreducible over Q [3, pgs. 234–235].
2.2 Galois Correspondence
For a ﬁeld K,l e tα1,...,α n be the roots of an irreducible polynomial f ∈ K[x]. Let
L = K(α1,...,α n), the ﬁeld extension of K obtained by adjoining the elements α1,...,α n
(see Appendix A).
Deﬁnition. The set of automorphisms of L that ﬁx the elements of K form a group by
composition (see Appendix B). This group is called the Galois group of the ﬁeld extension
L|K and is denoted by Γ

L|K

.
The elements of Γ

L|K

permute the roots of f, since the automorphisms must preserve
the coeﬃcients of f over K.T h u s ,Γ

L|K

is a subgroup of Sn, the symmetric group on n
elements (see Appendix C).
If H ⊆ Γ

L|K

is a subgroup of Γ

L|K

,t h e nH ﬁxes some intermediate ﬁeld of L|K.
Clearly, the identity ﬁxes all the elements of L while the entire Galois group Γ

L|K

ﬁxes only
K. This establishes an order-reversing, one-to-one correspondence between the subgroups of
Γ

L|K

and the intermediate ﬁelds of L|K, in accordance with the Fundamental Theorem
of Galois Theory [7, pgs. 114-117].
2.3 Cyclotomic Extensions and the Discriminant
Recall from section 2.1 that the degree of Φn(x)i sϕ(n)a n dt h a tΦ n(x) is irreducible over
Q. It follows that [Q(ζn):Q]=ϕ(n), where [Q(ζn):Q] denotes the degree of the extension
Q(ζn)|Q (see Appendix A). Further, Γ

Q(ζn)|Q

is isomorphic to (Z/nZ)
∗,w h e r e( Z/nZ)
∗
denotes the multiplicative group modulo n [3, pg.235].
2Deﬁnition. Let f ∈ Q[x] be deﬁned as f(x)=( x − α1)···(x − αn). The discriminant of
f, denoted ∆

f

, is deﬁned as the product
∆

f

=

i<j
(αi − αj)
2.
An explicit formula for ∆

Φn(x)

can be obtained. Let s be the number of unique prime
divisors of n. Then, ∆

Φn(x)

can be expressed as [6, pg.269]
∆

Φn(x)

=( −1)
(1/2)ϕ(n)s nϕ(n)

q|n
q prime
q
ϕ(n)/(q−1). (1)
Deﬁnition. For a ﬁeld extension L|K,t h eﬁeld discriminant of L, denoted δL, is the dis-
criminant of the minimal polynomial of L|K.
By deﬁnition, it directly follows that δQ(ζn) =∆

Φn(x)

. Throughout the paper, these
two notions of discriminant will be used interchangeably.
3 Lemmata
The following well-known lemmata will be used in the development of the main theorem.
Lemma 3.1. For a ∈ Z, the equation x2 = a has a solution in Z if and only if x2 ≡ a
(mod n) has a solution for all n ∈ Z.
Lemma 3.2. Let Fp denote the ﬁnite ﬁeld of p elements, Z/pZ. For all ﬁeld extensions
K|Fp, Γ

K|Fp

is isomorphic to Ck for some k,w h e r eCk denotes the cyclic group on k
elements (see Appendix C).
Lemma 3.3. [3, pgs. 168-169] For a ﬁeld extension L|K, Γ

L|K

⊆ An if and only if δL is
as q u a r ei nZ,w h e r eAn denotes the alternating group on n elements (see Appendix C).
3Lemma 3.4. For n ≥ 3, (Z/nZ)∗ has a generator if and only if n =4 , qk,o r2qk for any
odd prime q and positive integer k.
Lemma 3.5 (Frobenius Density Theorem). [2] Let f be an irreducible polynomial of
degree n over Q,l e tN be the splitting ﬁeld of f (see Appendix A),a n dl e tG =Γ

N|Q

.
If G contains a permutation σ which is the product of disjoint cycles of length n1,...,n k,
then there exists an inﬁnite set Pσ of primes such that for any p ∈ Pσ we have the following
decomposition of f over Fp:
f(x)=
k 
i=1
fi(x),
where all fi are irreducible over Fp and the degree of fi is ni.
4 Proof of the Main Theorem
Recall the example from section 1, f(x)=x4 + 1, which is the 8th cyclotomic polynomial
Φ8(x). Computation shows that ∆

Φ8(x)

= 256 = 162. If one computes the discriminants
for the ﬁrst several cyclotomic polynomials that reduce modulo all primes, one ﬁnds that
they are all squares. These observations motivate the main theorem:
Theorem 1. For n ≥ 3, Φn(x) is reducible modulo all primes if and only if ∆

Φn(x)

is a
square in Z.
We begin by proving that if ∆

Φn(x)

is a square in Z,t h e nΦ n(x) is reducible modulo
all primes. Suppose ∆

Φn(x)

is a square in Z. By Lemma 3.1 and Lemma 3.3, we know
that Γ

Fp(ζn)|Fp

⊆ Aϕ(n). By Lemma 3.2, we also know that Γ

Fp(ζn)|Fp
 ∼ = Ck for some
k. The elements of the Galois group permute the ϕ(n)r o o t so fΦ n(x), and so k ≤ ϕ(n).
But ϕ(n)i se v e nf o rn ≥ 3, and k cannot be even since the sign of any cycle of even length
is −1 (see Appendix C). Therefore,

Γ

Fp(ζn)|Fp

 <ϕ (n) and the minimal polynomial of
4Fp(ζn)|Fp has degree less than the degree of Φn(x). This implies that Φn(x) reduces over Fp
for all p.
Proceeding in the other direction, we show that if ∆

Φn(x)

is not a square in Z,t h e n
Φn(x) is irreducible over Fp for some prime p. First assume (Z/nZ)
∗ has a generator g.
Then over Q, the automorphism ζn  → ζg
n generates a cycle of length ϕ(n), and therefore
Γ

Q(ζn)|Q

is isomorphic to Cϕ(n). By Lemma 3.5, since Cϕ(n) is the product of one disjoint
cycle of length ϕ(n), there are inﬁnitely primes p for which Φn(x) is irreducible over Fp and
we are done.
We must now show that if ∆

Φn(x)

is not a square in Z,t h e n( Z/nZ)
∗ has a generator.
Or equivalently, if (Z/nZ)
∗ does not have a generator, then ∆

Φn(x)

is a square in Z.
Lemma 3.4 reduces the proof to showing that if n  =4 ,pk,o r2 pk for any odd prime p and
positive integer k,t h e n∆

Φn(x)

is a square in Z. We will analyze the possible cases for
n  =4 ,pk,o r2 pk to prove the theorem. Two more lemmata are required.
Lemma 4.1. Let z = p
e1
1 ···p
ek
k ,w h e r et h epi are distinct odd primes. Then, |∆

Φz(x)

| =
|∆

Φ2z(x)

|.
Proof. Since ϕ(n) is multiplicative, we have that ϕ(2z)=ϕ(2)ϕ(z)=ϕ(z). From (1),
|∆

Φ2z(x)

| =
(2z)
ϕ(z)
2
ϕ(z)
k 
i=1
p
ϕ(z)/(pi−1)
i
=
2
ϕ(z)z
ϕ(z)
2
ϕ(z)
k 
i=1
p
ϕ(z)/(pi−1)
i
= |∆

Φz(x)

|.
Lemma 4.2. Let z =2 e0p
e1
1 ···p
ek
k ,w h e r et h epi are distinct odd primes. Then,
|∆

Φz(x)

| =
k 
i=1
p
ϕ(z)

eipi−ei−1

/(pi−1)
i . (2)
5Proof.
|∆

Φz(x)

| =
z
ϕ(z)
k 
i=1
p
ϕ(z)/(pi−1)
i
=
k 
i=1
p
eiϕ(z)
i
k 
i=1
p
−ϕ(z)/(pi−1)
i
=
k 
i=1
p

eiϕ(z)(pi−1)−ϕ(z)

/(pi−1)
i =
k 
i=1
p
ϕ(z)

eipi−ei−1

/(pi−1)
i .
With these two lemmata, the three cases for which n  =4 ,pk,o r2 pk can be examined:
Case 1: n = p
e1
1 ···p
ek
k where the pi are distinct odd primes and k ≥ 2. Using equation
(2), the exponent of pi in |∆

Φn(x)

| is ϕ(z)

eipi − ei − 1

/(pi − 1). Since pi − 1 divides
p
ei
i − p
ei−1
i , it follows that pi − 1 divides ϕ(z). Moreover, ϕ(z)/(pi − 1) is even since z is the
product of at least two distinct odd primes (see Appendix D). Thus,

|∆

Φn(x)

| =
 
 
k 
i=1
p
ϕ(z)

eipi−ei−1

/(pi−1)
i =
k 
i=1
p
(1/2)ϕ(z)

eipi−ei−1

/(pi−1)
i ,
which is an integer. From equation (2), the sign of ∆

Φn(x)

is (−1)(1/2)ϕ(n)s which equals
1 since 4 divides ϕ(n)i fn is the product of two or more distinct odd primes. Therefore,

∆

Φn(x)

∈ Z.
Case 2: n =2 p
e1
1 ···p
ek
k ,w h e r et h epi are distinct odd primes and k ≥ 2. This is analogous
to Case 4 by Lemma 4.1.
Case 3: n =2
e0p
e1
1 ···p
ek
k ,w h e r et h epi are odd primes, e0 ≥ 2,a n dk ≥ 1. Since ϕ(2e0)
is even, ϕ(z)/(pi − 1) is once again even and the case becomes analogous to Case 4.
So if n  =4 ,pk,o r2 pk,t h e n∆

Φn(x)

is a square in Z, and the proof is complete.
65 Concluding Remarks
By proving Theorem 1, we have provided an easy method for determining when the nth
cyclotomic polynomial is reducible modulo all primes. In addition, we highlight an interesting
corollary that results from the proof of Theorem 1. In the second part of the proof, we showed
that if ∆

Φn(x)

is not a square in Z,t h e n( Z/nZ)∗ has a generator, which implies that
Γ

Q(ζn)|Q

is isomorphic to Cϕ(n). Using Lemma 3.3, we note the following corollary:
Corollary 5.1. If Γ

Q(ζn)|Q

  Aϕ(n),t h e nΓ

Q(ζn)|Q
 ∼ = Cϕ(n).
While Theorem 1 describes when a cyclotomic polynomial is reducible modulo all primes,
it still remains open exactly how these polynomials reduce for particular moduli. We hope to
ﬁnd better methods of predicting exactly how a cyclotomic polynomial splits over diﬀerent
ﬁnite ﬁelds. It is also unsolved whether the Galois groups of cyclotomic extensions are
further aﬀected by discriminants that are higher powers of integers. We may ﬁnd that the
discriminant of a cyclotomic polynomial can tell us exactly how the polynomial factors over
a ﬁnite ﬁeld.
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8Appendix A: Groups and Fields
A group is a set G together with a law of composition which is associative and has an identity
element, and such that every element of G has an inverse. An abelian group is a group whose
law of composition is commutative. Examples of groups include Sn, Cn,a n dZ (see Appendix
C). Note that Z and Cn are abelian groups, while Sn for n ≥ 3i sn o t .T h eorder of a group
G, denoted |G|, is the number of elements of G. |G| may be inﬁnite.
A subset H of a group G is called a subgroup if it has the following properties:
1. Closure: If a ∈ H and b ∈ H,t h e nab ∈ H.
2. Identity: 1 ∈ H.
3. Inverses: If a ∈ H,t h e na−1 ∈ H.
For a subgroup H of a group G,aleft coset of G is a subset of G of the form:
aH = {ah|h ∈ H}.
Similarly, a right coset of G is a subset of G of the form Ha. H is called a normal subgroup
of G if for a ∈ G, aha−1 ∈ H for all h ∈ H. A subgroup is normal if and only if its left
cosets are the same as its right cosets, that is, if and only if aH = Ha for all a ∈ G.
A ﬁeld F is a set together with two laws of composition, addition and multiplication,
that satisfy the following axioms:
1. Addition makes F into an abelian group. Its identity element is denoted by 0.
2. Multiplication is associative and commutative and makes the nonzero elements of F
into a group. Its identity element is denoted by 1.
3. Distributive law: For all a,b,c ∈ F,( a + b)c = ac + bc.
9Q, R,a n dC are all examples of ﬁelds. A ﬁnite ﬁeld is a ﬁeld containing ﬁnitely many
elements. A subﬁeld L of a ﬁeld F is a subset of F that is closed under addition, subtraction,
multiplication, and division, and that contains the identity elements of F.T h echaracteristic
of a ﬁeld is the smallest positive integer n for which 1 + ···+1 	 
 
n times
= 0. If this sum is never 0,
the ﬁeld is said to have characteristic 0.
A ﬁeld extension K of a ﬁeld F, denoted K|F, is a ﬁeld containing F as a subﬁeld.
For a ﬁeld F and elements α1,...,α n,l e tF(α1,...,α n) denote the smallest extension of F
containing α1,...,α n. A ﬁeld extension F(α1,...,α n) is called algebraic if α1,...,α n are all
of roots of a polynomial over F.T h eminimal polynomial of F(α1,...,α n)|F is the unique
monic nonconstant polynomial f ∈ F[x] satisfying the following two properties [3, pg. 74]:
1. f(αi)=0f o r1≤ i ≤ n.
2. If g ∈ F[x]i sa n yp o l y n o m i a lw i t hαi as a root, then g is a multiple of f.
The degree of a ﬁeld extension K|F, denoted [K:F], is the dimension of K as a vector
space over F. For an extension F(α)|F where α is the root of an irreducible polynomial f ∈
F[x], [K:F] is equal to the degree of f.I fF ⊆ K ⊆ L are ﬁelds, then [L:F]=[ L:K][K:F]
[1, pgs. 497-498]. Let f be an irreducible polynomial over a ﬁeld F.T h esplitting ﬁeld of f
is the smallest extension of F over which f splits completely into linear factors.
Appendix B: Morphisms
Let G, H be groups. A homomorphism φ: G → H is any map satisfying:
φ(ab)=φ(a)φ(b),
for all a,b ∈ G.T h eimage of a homomorphism φ, denoted im φ,i st h es e to fa l ly ∈ H for
which y = φ(x)f o rs o m ex ∈ G.T h ekernel of φ, denoted kerφ,i st h es e to fa l lx ∈ G for
10which φ(x) = 1. It is clear that kerφ is a subgroup of G and im φ is a subgroup of H.
Am a pφ is surjective if im φ = H, that is, if every y ∈ H has the form φ(x)f o rs o m e
x ∈ G.Am a pφ is injective if, for two elements x1,x 2 ∈ G, x1  = x2 implies φ(x1)  = φ(x2).
Finally, a map is bijective if it is both surjective and injective.
A bijective homomorphism φ: G → H is called an isomorphism,a n dG is said to be
isomorphic to H, denoted G ∼ = H. An isomorphism G → G is called an automorphism.
Appendix C: Examples of Finite Groups
Cn denotes the cyclic group of n elements, generated by an element x satisfying xn =1 .
Thus, Cn = {1,x,...,x n−1},w h e r ef o ra l l0≤ i,j < n, i  = j implies xi  = xj.
Sn denotes the symmetric group of n elements. It is the group of permutations of the set
of integers from 1 to n, and thus |Sn| = n!. For example, S3 is the group of permutations on
the integers 1,2,3. Let 1 denote the identity and let (a1 ...a k)d e n o t et h em a pa1  →··· →
ak  → a1. Then,
S3 = {1,(12),(23),(13),(123),(132)}.
A single permutation of the form (ai aj) is called a transposition.T h esign function of
a permutation σ, denoted sign(σ), is either equal to −1 or 1, depending on whether σ is
the composition of an odd or even number of transpositions, respectively. For example,
sign(23) = −1 while sign(123) = 1, since (123) = (12)(23). It follows that the sign of any
cycle of even length is −1 while the sign of any cycle of odd length is 1. The sign function is
well deﬁned; that is, if a permutation σ can be expressed as the composition of two diﬀerent
numbers of transpositions j and k,t h e nj ≡ k (mod 2) and so their signs are the same.
An denotes the alternating group of n elements, consisting of the set of all even permu-
11tations of n elements. That is:
An = {σ ∈ Sn | sign(σ)=1 }.
It follows that An is a subgroup of Sn,a n d|An| = 1
2n!.
Appendix D: The Euler ϕ-Function
The Euler ϕ-function is an arithmetic function deﬁned by the following:
ϕ(n)=
 {a | 1 ≤ a ≤ n, gcd(a,n)=1 }
 .
It follows that for a prime p, ϕ(p)=p − 1 and more generally, ϕ(pk)=pk − pk−1.T h e
ϕ-function is multiplicative, that is, for coprime integers a and b, ϕ(ab)=ϕ(a)ϕ(b). Thus,
a general formula for ϕ(n) can be obtained. Let n = p
e1
1 ···p
ek
k where the pi are primes.
ϕ(n)=
k 
i=1

p
ei
i − p
ei−1
i

.
If pi is odd, then each factor p
ei
i −p
ei−1
i is even and so 2 divides p
ei
i −p
ei−1
i .T h u s ,4 |ϕ(n)
if n is the product of two or more distinct prime factors.
12